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ABSTRACT 
We consider the Chinese Postman Problem, in which a mailman 
must, deliver mail to houses in. a neighborhood, “The mailman 
must cover each side of the. Sereet that. has houses, at least: 
‘once. The Eaeue se this paper is our attempt to discover ane 
_ Speimall path, Or. ‘the least number On times each street is 
walked. The integration of algorithms from graph theory and 
operations paces form the method used. to explain 


Meee tere ee the Chinese Postman Problem. 
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“INTRODUCTION. 
rt faced finding the solution to the Chinese. Postman, : 


alee (PP) early in my life, “when IT was: a “newspaper 


poy, ce tried to walk my “route: in. the most efficient way 


possible. “Why? ‘The more efficient I. was, the shorter : 
“delivery. time and the more 2 money T = earned: delivering — _ 
= papers: 4 Little did i know. at. the age of 12 years, “that 
was” actenpeing & to. solve the CPP as ie applied | to my own 


“situation. 


‘The CPP is one of the. most interesting ‘problems Pon eee 


aa Research (or) . | “Tt: derives its: name from ‘the: 
fact that an early, paper discussing this problem appeared 
seine the journal Chinese Mathematics a: The. CPP has. ce | 
simple ¢ goal, to transverse. each edge of. a. “graph at aanee 
“once: with a minimum of backtracking. The great. sviad 
"mathematician, Leonhard. Euler. first examined this problen 
iota the. ‘eighteenth century. puler tried to find a way or. 


"which ¢ a “parade, procession could. cross” all. seven bridges 


exactly once. in the. city of konigsberg, Prussia. (2). 


Bue. proved in 1736 that no solution To the | Kenigabers ae ae 


routing problem exists. ce. also. derived some general 


results | that provide aS motivation for the ‘solution o 


(othe CPP. “These results will be introduced in ‘CHAPTER ‘one. 


: (CHAPTER ‘ONE begins. with definitions, theorems, and 


“algorithms: of Graph Theory. “After. the. graph | theoretic Boe 


"background i is’ | thoroughly described, I a precise definition = 


of the ‘be. can “be: given. 
“CHAPTER. ‘TWO contains. a “solution to “the. routing, of 


“mechanical street. sweepers. vin. ‘New York city. (ar A street 


"sweeper faces, ‘many restrictions during the course. (of their 


_ operation. “Some of ‘these, ‘restrictions are one. way 


“streets, parked « cars, and vush hour ‘traffic. To. use. the | 


5 street sweeper solution, for the ‘solution to ‘the ‘cep, most 


ee. these restrictions. can be. lifted because a | postman - 


walking down a street ‘does not face eae ES 


Be street ds: easily ‘changed into an. edge on. a: graph 


ae street intersections. become ‘the vertices. We will 


focus on. undirected “graphs. “There are certain: 


| characteristics: of. a. graph that. will be identified to. o fing 


the: optimal solution to the CPP. with ‘the | street ‘sweeper 


- restrictions removed, ‘this, solution. can. be applied to. ‘the 


2S oSCPR because the: actions of a / postman walking down a strest 


mimic. ‘the motions of a “street. sweeper moving down, a 


street. 
“The characteristics of. “graphs: we are interested in: 


ereoe will be. finite, the | first characteristic we find ce 


the. graph could consist. of ‘nothing | but even: degree 


"vertices. The degree of a vertex ts: the number: of. edges cee 


incident t to ‘that. vertex. “puler’ a “theorem states, that. a€. 


all vertices. have ‘even. | degree then. there exists” an. “Buler 


ote Pa RE Ag 8 


Stor | i ‘tour “which transverses every edge of a graph 


( eractly once, and ‘the: ‘optimal. solution is: “ensured. (4) 


“Another. case to investigate ‘consists. of a graph oe 


(contains oad degree vertices. If the odd. degree of a 


_) vertex ¢ can be. changed ‘to. an even. “degree, then we will have 


gee first. c characteristic. i | ae 


“The: way to. change | ‘the degree of. any vertex is: to Ce 


eae the original graph with additional “copies of. a 
specially s selected edges ‘from the edge set. “The edge oe 
along | with | the. vertex set, is’ “made. up of a. “finite number o 
“SpE: edges and oe ali oe original graph. 


These. selected: edges will ‘create. ‘a. larger | augmented a 


out OE: ‘the. original graph. thus, obtaining a. graph with: no. 


“vertices of odd. degree. Te the. solution. of. ‘the: ‘cpP comes: 

down» to ‘keeping the ‘weighs (dietance, ‘time, ete.) ) of tthe 
edges: augmenting ‘the original graph to. a minimum in: norder 
Ne. create a an. | augmented graph containing an optimal Euler 


tour. This Euler Tour will become ‘the ‘optimized route arti 2 


street sweeper will, “follow. To: identify which edges to. 


use, we, need. algorithms: from the ‘OR. area, sin particular | oh ee is 


enumeration algorithm. 


“This algorithm is “used to. match | up odd degree 


SS pbeetec, ‘Matching, the odd degree vertices. two” at i ‘time, 


sand augmenting the original graph with . an, “Euler path 


"between. the two. vertices. does ‘the changing of degrees. eS 


~ the Zero- -one ‘Method of. Balas: which 2s: a. “Bound and Branch 


"since by. definition an Buler r path | is: the shortest ‘distance 
“between two vertices, any additional | paths, which consist ae 
GE ‘one orm more. fe edges, will increase the path transversed 
i the street | “sweeper by. the - minimum necessary. a 

“The optimized route will be a route for the entire. 


“city. “There is no ‘reasonable way a single street sweeper 7 


can clean. all of, New York city SO ‘the route must be 7 


partitioned to. reflect a daily workload. oT will not need 


co use the partition aspects of this, algorithm since. my 


"emphasis } here is on: ‘the CRP. 
“ine CHAPTER THREE, I will give an example. of the. CPP 


solution by an ‘efficient, “but. quite ‘complicated algorithm 


“2 for. minimum Length matching on. undirected graphs. The 


: - ariving | force behind this: solution As ‘the ability to. take 


congas forest, which is. a. “collection of trees ‘from the graph 


under investigation, and reduce the forest to just one 


“tree. “The tree will ‘consist of the edge set that will 


"augment the original graph into a graph with an Euler 


4 Tour. ‘This algorithm is. based on “the theory of matching 


Lon graphs that has been developed primarily by. Edmonds and 


_— Johnson (51. “Here will, note that. ‘the algorithm is. an. 


exact | one | “that: not: only finds: ‘the minimmum- Length matching 


but also, identifies the shortest path: associated with. each | 


paix « of vertices. 


CHAPTER ONE 

Ak graph G= (VB) consists of two finite sets V and E. 
as elements of Vv are. called vertices, and the e elements 
of |e are called edges. Each edge has a set of one or two 
vertices associated to Lt, which are called its endpoints. 
Nine every edge has. a specified orientation, the none is 
‘called directed. ‘if no edge has an orientation, n, the graph | 
is s undirected; and if some edges are directed and some are 
noty--the soon: is mixed. An edge connecting vertices 
i,j€V. will be Seueee ae the unordered pair (i,j). A 
_multi-edge is a collection of two or more edges having 
identical vertices. - | 

A ‘subgraph Hls(V’, EB’) of a graph G=(V,E) is a eeeotr . 
‘such 1 that vicV and ECE. In this eae: EF’. can only 
contain edges whose. end points are in Vv". LE His a. 
sibgeaph et°G we may also say that G ee 
%,  Rowapeegeaan, “G2 AUe), Xs easily constructed by 
adding an edge fe} between any two vertices ij and j ina 
graph H Tf a graph has n ieetucn, ond each vertex has 
n—1 edges, ‘that graph is called a complete graph. 


_ Any two vertices GeunGekea by an edge or any two 


_ edges connected ts a vertex are said to be adjacent as 


seen in Figure ee. ee vertex: b is an encaoine. of edge 


(b,a), then b is said to be incideat to’ (b,a), ana (b, PB 


is incident: to be me degree of a's vertex vin an 
pr om graph G, “denoted ca deg(y), is. the het of : 
edges incident: to v. | For. directed a aden 
ofa a vertex, is. the number of edges leading into that 
vertex and. its outdegree, the: number of edges leading away 


from it. 


i tail Si Cay. vertex ib is: “Incident to. >, a) 


“Er: will n now " state several fundamental sere 
between. the vertices and ‘ages of a graph. | - | 
_ Theorem 1. i. (Baler) ‘The ‘sum of the degrees of : raiaie 
of a graph | 1s: twice the number of edges. . s 
i ba of ee Each cage contributes ¢ two to. the degree sum. ni : 


corollary. oe st fae ‘graph, there is an even number of | 


vertices having oda degree. 


Proof of ee ‘Using. Theorem - “the total sum of. ‘the degrees 


"sitet the. vertices of a ‘graph | 1s. twice ‘the number. of the 


edges. “Subtract from this. sum the ‘result of calculating 
the sum ‘of the degrees of the even degree vertices. |The: 


"result must be an even. number. so, the. ‘sum of the. odd 


degrees must also be even. Hence, there must be an even 
number of: vertices of odd | degree. a 


n 


In a Beane sel walk Erom vertex iy to vertex Dn age 
Ws)» is a “sequence We = (iositstavndivin) of vertices. ee 
* ER E5 I. ais a walk with no repeated edges. | A path isa trail 
with: no ees vertices, with the possible exception of 
“the initial and. final vertices, ain which case en the 


path is called closed. A closed: path is called ao ‘cycle. 


Paths « can “be indicated as sequences of adjacent vertices: 
such as, P=fasbyey~ idk} or. by adjacent edges: as in “the 
notation P= ={(a, b),(b, C),e “QUO vetten'f'te- 
ore from tied a ale bedd Pe l. 
A graph is connected if for every pair of vertices 1 and 
wie there is a path from J tol. Pe 


| Every path | can he compared to. other paths by at St: 
length that can be iba units of seen. time, money and 


so on. A collection of edge-weights, indicated as 

t(i, j), will form a weighted graph. that is a graph where 
every edge is assigned a number. I will use ie, seeks 
—"t" because Sect es ee ee wt Heche time it 
takes to transverse an ree ‘The length of a path, P, 
between We: Weve Lees ee ie then given by 


L(P) =P, oti. Jji«. ‘shel. use the notation d(i,j). to | 


agenee the shortest distance between two vertices i,jEV 
of G. 
A type oF graph that contains no Peres but. 1s still 

3 eonneeeen and contains the shortest distance between. any 
two vertices is a tree. “It is well known that a tree with 
on vertices, where vais a natural number, has exactly 7 
edges. [6] This leads to the existence of a Gaeae path - 
“between any two vertices on the tree. A “sub- tree of an | 

undirected graph is.a “connected subgraph that has no 
cycles. A spanning tree of a graph G is i anne teak? 
‘contains the complete set ‘of vertices of £G. 


For the purpose of this paper, - am looking eon: a. 


ae that. includes every "edge of a “graph at least once. 


Named | in “honor for ene person, ae started ara theory 
(Geiss an Euler Tour in a en a path that contains 
every edge of a subgraph exactly once. An Euler Tour is a 
closed Euler Path containing all edges in G. This type of 


| Figure 2. An Euler Graph’ - 


tour» is: ‘the focus oF this, paper for at, allows our. postman 


“to start : at one. vertex, ‘travel ‘the edges of the graph and | 
oe ap. at ‘the starting y vertex. “An Euler Graph ca graph 
that. nas® "all: ‘Euler ‘Tour. | “Theses simple but useful on 
- characterizations of both’ Euler Graphs and graphs with: : 
Euler. Tours help. form: the following theorem. a 


Theorem: ce oa suler’ Ss ‘Theorem. oA. ‘connected undirected graph 


4° aa an Euler Graph ‘thus processes an Euler Tour, ee and bonly 


pales all vertices of the graph have ‘even degree. 


“The proof of ‘Theorem 2) although not difficult, 


aaa lengthy and. a have oe available in ‘APPENDIX ‘ONE. 


But, I: will illustrate one direction “of: the procedure ae 
es the Euler Graph of Figure 2 


In Figure 2, consider the. vertex b and we: can form 


oe Buler -eyele identified to be OB = oodsfed). aa oe 


aaes = is. not, an Euler Tour since. at does not contain 


1 


‘oad edges and vertices, of G. “However, oft is a vertex: of. 


ee that is “incident with. edges ‘not on: RB. ne begin 


eras » at that. contains edges, not belonging to oP. 


TE we. continue Fe as. long as “we. ‘can, | one possible choice 


oe PB ‘would be © P= “(fre Cc, e, a, ub, bp). “We now insert P into’ F, > 


at ‘the first place ft is ‘encountered, J bbgaiatg © 


P= (be é, .d, fi C, e, a, 1b, bf e, i) | which de a Euler ‘Tour of ‘the 


entire graph G. an Euler Tour is not unique; we just 
ensure that every edge of G Sey ree once. 

i Awash to state the Ghinese Poseman problem. 
Consider a mailman who is responsible fox the delivery of 
mail in an area of the city as in Figure 3. The mailman 
aaee always begin his delivery route: at the same corner. 
This will be a vertex on a graph, ‘Figure 4. He then walks 
every single street in his area; the edges: of. a graph; 
and, eventually, must return to the See eee 
from. "se 

The most natural question to ask in this. case is: How | 
should the mailman’ iS route be. Secigacd to. minimize the 
total time he spends delivering the mail, while at the 


same time traversing every street segment at least once? 


This type of ‘edge- covering problem is known as the 


Figure ci Picture: of a City 


10 


Figure 4. The City's Graph 


CPP. neue that an undirected connected graph G =(V,E) 

is ivan itt, iecchen aenhmebiane t(i, j)>Ofor all edges 

(i,j). Then the CPP can be formally stated as follows. 
Find . cycle that will traverse every ae 6 G at. 


least once, the sum © yn, J) t@, J) is minimum and where 
. - 3 | alli, EE . | , 7 


n(i,j) is the number of times edge (i,j) is utilized. TE 
we faa averse, where. AG sie for all ieee. hal wae V 
of  wenta eee he invariant deg(v)=2m eis meZ. The 
CPP geula be solved by using well know algorithms that 
find an Goes Gee ae the graph. Thus we assume cise 
odd degree vertices exist waehia-twe See ce. Vv. The CPP 
will be solvable when we find a subset EY of £, that 
when added to G forms a supergraph G* in which all 
vertites have even gees: Once cca eee 
becomes even then an Euler Tour would exist. This is 


supported by Theorem ox 


LA. 


This result is exactly what the authors Tucker and 
Bodin [3] did when they found a way to route the: strece 


sweeping operations in the city of New York. 


ieee 


" CHAPTER TWO 


Tucker and |. Bodin BL. ‘developed | an efficient algorithm 


BG route street sweepers. ‘throughout the. pages of ‘New York. 


‘They had many “obstacles to overcome » among. which were 

parked cars, rush hour trartic: and one- wee streets. a 
postman walking. his: route does not face these. and many 
"pitied ebstaclés, put the algorithm in their Rene will | 
still be very useful. The most noticeable change From the 
street sweepers. to. a postman problem is: not. using a | 
directed graph. Instead, our “postman uses an undirected | 
graph, because one way streets do. not hamper him. 
al will list the. steps of, the algorithm from Tucker 


— and Bodin paper that r will integrate, and provide in 


"detailed description with: ‘examples. 


: Let’ i‘ start with a connected undirected graph» 
* teed (V, £) and find the set. 4 o= odd degree vertices of G_ 
(note that ViCV). The constmictign-of. this set ice 
by inspection. _ | 

We will need the find shortest distance between ey. 
pair of odd degree vertices i,jeV'. Using a shortest path 
aigorithm to find paths: P, ule ess 

With ‘the fienibore of V': identified and the shortest 
ditehes Dereen year cae vertices jay also intel, 


one constructs the complete graph K of the vertices of 


Jk3 


aa piuerghes epantieg Heise’. The next step 
is to find a minimal matching between the members of V'. 

A matching is a set itt let kd K se hae no andseint 
in common. ‘A minimal matching is a pair of vertices from 
Ut cad dea: edge weight such that no other pair has os 


lower edge weight. This set will identify which paths, 


| when totaled: eegeae ss will result Lr the eee ae 
of. edges aad eae weights to add to G. 

Each path P is known by a “sequence of edges. For 
each edge (x,y) on P, we add to graph e a duplicate copy 


of edge (x,y) with weight Hx ,y). Note that: Sit(x, y)= di J). 


| | | (x, y)eP 
7 will add the edges oe ise ce found in the matching 
| phase to G. We. nae formed Ge a | supergraph oe G. 

: At this point all vertices of G* are of even degree 
and G* is called an Euler oe . there ale several 
well- known algorithms to. “construct. an Euler. Tour C Ano" 
which will become the poner postman. tour of the original 
G. Once this algorithm is finished, the Chinese Postman 
Problem 1S solved. | ee 
| Let’s look. at each step in more: detail and start by 
finding V', ‘a set of “0d degree vertices. Since a en 
starting with connected nada ecko graph, G=(V,E), if 


will assume that some number of vertices have odd degrees. 
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Otherwise, an Euler Tour already exists and the solution 
can be found immediately. Recall Corollary 2 which states 
that cardinality of V' will be ée the form 2k where k 
saan Ge later shown eaeedeee number of paths added to G. 

Here a an example to show four es fing. V << — G 
oe oun, 


Figure 5. A Graph with Odd and Even Vertices 


Table 1. Cardinality Information of Figure 5 


VW, ={a,b,c,d,e, f} 
: V,'=1{b,c,d,e} 
Card(V,')=4 


1.5 


"As:yptiean see inG. 1é. ari edge (a fe was: added to G, 


then the Card’) - 6. Tf an edge, bf) was, added to. G 


"instead, b will not “be an element: of vy, “but af will be 


en element of ive and the. Caray) = 4, 


with the members of. Ge identified, the: shortest path 


AS eager 61, is. “used to “record the shortest path . in com 


between | any ‘je Vi, - ‘For very large” n= =Card(V'), ‘this step ' wh 


EM is very time consunig a in fact, it would take. 


iterations | to find the, shortest. paths: between the yorsteae 


| MOE. vi “Loops, which | are edges with the. ‘same vertex, on. pe 


iodee, endpoints, will be avoided. 


“Start: with cany iev’ and ask the. question “Are there 


Sa vertices, of G within one. cunit of i? IE. there a8 sae 


(oe more, say J ev, “label that. vertex < ( ae “The label Bie 


not unique: because there | maybe other vertices: one. unit: 


from ¢ our starting vertex. The: ordered pair will let us: pseu 


know that. t or: any “other” vertex is one unit ‘from oc apo 


2 aes are members of ve “not: labeled with an. “order ‘pair, a 


continue by asking | the same. question but increase the ee. 


"distance, by | one. Repeat, this’ for vertex, a until all 


elements 0 of. ve “have been. labeled. “Once. a [sa weet to tina 


da” path with: every “other ‘member of v ais. not. ‘considered 


in further iterations of the algorithm. The process 
starts again for a remaining member of V’. Vertex i 
isn’t considered pees ues i ee siEperanee netween 
d(j) ana d(ji). 

| Getag wiguce 6-08 dn example, let’s find. the shortest 
‘paths between the members of V,'. Select deV' and we see 
that petee te one unit anh a. vertex ¢ will get the — 
label (d,1). Rr orca mation of G shows that no more 
re are one unit from d so we increase the distance - 
by one. Once again starting at d, are there any gavenes 
that are two units from d? Here the answer is no and we 
increase the distance again by one. Upon the next | 
vinkoaviens te toe that both b,geV,' are three units _ 


from d along with a,fEVo. 


Figure 6. A Graph for Finding: the Shortest Path 


di a 


| table 2. ‘Elements of Ve: and. eye “from. Figure 6 


Yom tarbdse, fra 


Ve'= {bie d, e eg) 


‘Label vertices b and. &: with (¢ 3) » which means that 


"each ‘of hen are three vntes from d ‘but ‘go | eneough soe oo 


ae to, get to: ‘vertex d. we: need this information. in: ‘oeaer 


2 Bes construct the path after we are “done... “Since all. 1 the 


- etenenee © of ve whave been reached, we need. not. label 


| . “tee o= 7 ee ge eine 
oe ae a oe i 
Lore dee, 8)= 2 2 ee ee 


“Tf, there were. elements of “Ve still not. ‘labeled 


“vertices. a and fs would get ‘the label. (a, 3) 2 and ‘the 


“algorithm would continue. ‘The final results. are. ‘listed dn: ner ES 


“Table. By 


cto ak y Sores 6 et a ee Te PODS a fe eg Js 2 gat he OG ge a a te ane aes Tees her ' a : a . “ae $e 4 oh aa 
7 ra, TE atk AGRA (etre ethene aos ere ae al ee cerry : HONS ae ig fe, 7 o : ad i et ae 
‘ tak) URS snes a memes ey Sate Tesora, cata 2 , eee rare 2 SES e, He Ae ‘ og ay Hat oF ne erin : sah a 
Ce were: vn tacts te Se oa re ee fee Se Sky as Boe SSDS te tat Pes ge 
ee eae nN Bod oO) ie ok th 3 oh Pe : Bast © : ag si 9 MON od. . yar Fe AF : 
POT R oa, anh (ee at : Hated we ase ES: “4 a tes i pe eee . a ay , . t 
ia are : Binge a taeeeds Leg ek w ; . is AR gta: I oan RS eT A ae . 
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“Let K, be ‘a. | complete graph where n= =Card(v") as ‘seen. 
in: Figure ce “with. the. elements of vy and all the gt - 
“shortest paths found, Tr want | to. select pairs, of vertices — 


of V' such that a maximal matching | occurs. A ‘maximal 2. 


n 


“matching in K is. a. set of edges. that have no endpoint in 


common and all n vertices. are used. ‘The result of 


"finding: this matching will produce ‘the | minimum sum of ‘the 


edge. weights. ‘In Figure a we that edges o. °) and (a, Ne 


ctl Eee the maximal matching. 


Figure 7 ‘a “Matching | oda vertices 


Let. 2K, ‘be a ‘complete graph such ‘that K, oe. E) and. Le ay 


vey where ve is- the get of odd vertices. “Also, let aoe! 


Ay ee Vv" ‘be itemized such that. the members ‘of. Vi are 


“ Snaividually assigned to the set t {h23,.0 Card vy} ‘The 


"minimization of the ‘sum. of, edges: problem involving the 
maximal. matching of vertices can be “expressed in. Oe Fe 


"following: terms. Soe 


Let X,, corresponding to edge (i,j), equal one if it 
isa matching edge or zero if it is a non-matching edge. 
‘The variable t(i, j) will be the weight of the edge. Then 


the objective. 1s to minimize: 


-Z=Min Sl Dx, ive 


1si<jsn 


such that for a" yeV. 


| Equations 1 and 2 are called constraints. 
‘The algorithm that I will use to minimize Z in 
equation 4 Genes from a part of Operations Research called 
Enumerative Techniques. [7] Enumerative Techniques simply | 
generates | a list. of possible solutions, finds the value of | 
each one and. chooses the eerie I will use a sequential 
technique called the zZero- one Pelee of SASS. Balas used 
a bound and branch enumeration that is a sequential 
“technique for solving combinatorial epeinication problems 
and aa, Geeaey reduce the number of possibilities I need 
to eaneided. 

Possible solutions will fall into two areas, feasible 
or infeasible. Given the eoeeesiae E>. a feasible 
‘solution is x=8 because the statement is true for that 


value. An infeasible solution is x=0. 
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In. Balas’ “method, oo a. solution is infeasible, ea 


a bound, or the closest - possible integer solution, ge 


/ calculated and two, new: ‘solutions, are “generated from the 


"bounding routine. “Solutions can. be eliminated tentopetner 


AE aS can. “be, shown, that a “constraint. can’ i= ever be 


ee satist ied. To For example, 4s ‘the warfabies 4, be sue only 


/ equal one or zero, then for a constraint at+b+c=2 where 
"gee b SOs thie! te! da dmpocsthte doimylen aie'sicdid we oe”: 
Oe dita. seas routines continue intl Eady ‘tho 
optimal solution, 4 is: reached or no solution is. ees 


This algorithm. incorporates, all the enumeration = 


| techniques: needed to. solve amy: matching problem because 


"either an edge gets. used (assigned a. one) or not (assigned | 


“wag zero) . “Balas also. uses” a decision tree to keep track of 


“the! iterations. “The next iteration’ da ‘decided ‘by the aes 


largest upper bound. “The conditions of le minimization ie 


problem described earlier are “not set. up to use Balas’ 


“method because he developed a. “maximization | algorithm. 


"However, a simple: substitution in my: description of ome 


"matching problem will, result da. an “equivalent. maximization 


"problem. | “3 will, start by substituting a =1- ie ‘This 


elation stil mapboriel ay! sd aa tietdnt ob toptyounee OO 


oo df x, =1 then. x,'=O and vise versa. My problem is now... 


ae : a equivalent to . : | | : fo 


 gteMax Spry! 


- 1Ssi<j<n.- 


such that for each veV' and n=CardV' 


> x,"t > x,'= (n—1) -1 
ist jevtl ae. | 


where _ ss | 
EW gy 


ay'= 


10 matching — 
{1 non-matching — 
We need (n—1)-1 for the results in equation 4 of the 
summation. Look .at Figure 7 again. Here n=4 and there 
are three edges incident to.each v element of V'.. The — 
- sum (n—1)—1 represents the number of edges that will not 
. be selected (assigned a one). - 


Figure 8. A Complete Graph of Four Vertices 


‘The steps of. the Balas method | are best ‘shown through | 
an example. Let K, be a “complete graph as in “Figure 8. | 

“twill maximize — | 

(Lak, eee 45x, 452, “44x, ‘4 2ty fe 


such oie: 


We Swill. ae by establishing three sets, to track our 
"variable Xi "throughout the. algorithm. e We- — | 
(Ws me set of Pi ee eee Pee see 
‘Vi: the set of variables assigned a value of zero. 
F: The set of unassigned variables. . 
Initially all x,' are assigned to _— P. pai a ~ 
ea Figure 9, and Wand V both equal the null set. Then 
eee all x,’ in F, let x; assune the temporary Golueree 
| oe Check the “abaatcedite, *» equations on Cea 9, with ~ 
= Xi =|, to see if we found a feasible, an aca Te, 
or .an impossible solution. if the ietinibiien satisfies the. 


constraints, then we have a feasible solution. Le che 


~ solution be dabeawipies” as in our case with the 


1a 


information ie ebb 1) an tedpes bound, UB, on the etn. « 

vo can be found. This bound is equal 

“to ¥ : ee | aha | 
‘UB= = St ie dies i mint, 3) (10) 

., xe . | | 
An sapoustbie setae exists if one of the i 
| unaieeniodes was Ky" + Nag! + Xa =2 and x, '= Xo =O. Although 

_ infeasible, this situation is also impossible because _ 

x,,'= {1,0}. No bounding wd branching would eate Siaee ea 

the point that contained thig information would be 

eliminated from further consideration. 

So, our first bound, using Borat (1) and equation 1:0 
will be 23= Ue cae “the minimum (i, i) came from ae. 
When a solution is found to.be infeasible bue “staid: 
possible, its point cing! the decision tree “sprouts two new 
‘points labeled points (2) ‘and (3) bade pacar 9. ae is 
the branching Ste: “a 

The set F is now the ‘quotient’ Fi{x} ELee points (2) 


q 
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and (3). Within point (2), x ieee element of W. The 

eee W is still the null set. Within point (3), ne ee 
element of V. The set Wis still the null set. 

Feasibility is tested at point (2) 1e6! see if 23 will 


es optimal solution. Temporarily assign the value of 


DA. 


Point 2) = ee ee 


one to alt ay" An F. We already - have ee. ‘because a. 


is. an. element. ce W. This. is the same situation that we 


were | tis at point Sa thus infeasible. “Bound point @ 


with the value, ‘of 22 using equation 10 and shown in: Figure 


EE Next, ‘branch two. new points: a) and 6) using | a” 


| eames then 64) § in’ equation 10 came. “from By 
With two uBs, one. for. point: a, and the other for 
ase “select the. largest. UB to continue the feasibility 


test. “The largest UB applies to. point | ay, because 23, > 22 


and directs us. ‘to. test point: @. “Since. Xy! belongs: to We: 


pee a | a 2 0, - of the 7 constraints,” tee tions 8 and 9, 


os are not satisfied while the all other members of F are 


os" equal. tovonel. 9 oe 


Figure 10. Bound and Branch of Point 2 


_ (Point 2) 


| — @oint 5) 
(Point 4) Om 2 


The UB on point (3) is 21 using x,,' in equation 10. 
dcuachivig pointe KG) ana iG). See eeeseed: we seen in tee 
11. Notice how points (4), (5), (6) and (7) were created 
using x". : = _ 


Figure 11. Bound and Branch: OF Point 3” 


UB=21 


Point 3) 


(Point6) e a (Point 7) 


26, 


Points | (2): and. @B). have UBs. We will always meee 


the point with the largest UB in order. to. decide which 


point to. next test. | Since: the bound of point: (2). AS, wey 


point | (4) and (5), are. “considered for testing. the 


| information obtained from Point (ay ‘doesn’ of change our oa Ss 


situation. ALL: ‘x, “will, equal one “so we. have | 


| uneeasipitity. “The upper. ‘bound for point. (4) ‘is. 20. since 


Age 0 3+21- A and si spent he ii i) 9 


“pane two! new points (8) and (9). 


ae Point (2). still has the. largest. UB and the test. turns” 


fee te: point 6). we still have unfeasibility. even | though» 


0. “Equations 6 and 7 were not satisfied. Bound aoe 


ten 18. ‘since 18 -1421- 4 and Xn “represents the Pee 


MDE The two. new “points. branched from point: (5). are 


called points. (10) and an. 


ene ee eee 


ee) ee ee ne ee OMS) 


Figure 13. Bound and Branch of Point 5° - 


 - UBeI8 


Points) 


Point 10) pint HY 


| The largest upper bound, found by looking at points 

(3), (4), and (5, is 21 given by Sotne is ‘Upon 
examination of point (6), it doesn’t give a feasible | 
“solution so its UB becomes 19 and points (12) and (13) 
beeneh @eon. (a), a a 3 


Figure 14. Bound and Branch of Point 6 _ 


(Point 13) _ 


ae (Point 12) -~ | 


~ 
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‘Point (3)'s UB is ial the i as so point oy is 
checked for feasibility. We have a feasible Seiwa with 
point (7) because when = 4 =; —e pics tena 6 through 
. Beng eoee statements. | | 
Since the. points (4), (5), and (6) upper bounds are 
a 20; 18, sud 19 sespecnieiy, they are San maaeed beGause 
in, EEGH point (3) is the greatest upper bound to produce a 
‘feasible solution. With x, = 0 =Xy,, this translates aoe: 
matching edges (1,2) and (3,4), as seen by the ee 
edges in Figure 8. ‘The paths that produce the minimum 
weight when summed are now known . 

We have shown that the paths with lengths d(j, j) — 
be identified a the. matching algorithm, “The number of 


3 Card(V 
| Data we Se always be Card) <2 kk. vhs 


| conclusion is supported by Tneorem 1 that showed each edge 


contributes two to the cardinality of V'~ Recall the 


paths are connected collection ae edges: with no repeated 
vertices. “We return to fea ‘and. add each path PT: er to. 
form the supergraph G* | 

Select . one of the k paths. Bach path is a sequence 


of edges starting with Gi) 2 and. ending with» (j* sd): For 


each @ pe i add to G a duplicate copy a Gy) ana 


| oe 


also include t(x, y), the edge-weight. Once all the oo. 
have been added to G, we have a graph G* and will have 
even degree vertices. 

| Let’s further show what is happening with an example. 
| Recall the graph from Figure 6. The =—_— Meroe and 


oes of the’ wae algorithm } are: 


Table 4. Matching Algorithm Results: 


| d(b, ~ AU 


Pale) 
P= 2).(e, ah 


In Figure 15 we paved Path PP containing the edie 
(de) to G and start our a of G*. Notice that 
; the > deg(d) and 2 degle) axe now oven | | 

In Figure 16 we. pave the entire P, which will make 
deg(b) and ‘dee(e) aac — will also see that we also 
FEDe deg(e even, i a 
With. Seaes a connected undirected en Greene each 
degtv), ve Vy is even, we know an Euler Tour exists as 


shown in Theorem ce 


"Figure 15. adding Path 


Figure. 16. “Adding | Path ~ “Result is, Ge: : 


GR +R eGe 


“fable 5. ‘Graph -G*. Vertex Information: 00 ¢: 


Vor (ab by io dy i ef 8 hy 


Mer 8 


Recall chat in the description of the CPP, we use 
every — of G* at least once. So, we e will use every 
egae: of G once sai we will walk down the edges we added 7 
from Ce on ae 

Finding the ‘Euler Tour isa wets known. algorithm 
requiring the type of graph G* turns out to be. 6] When 


we piece start, all the'edges seg Gs are considered 


_ unused. Imagine our. mailman. just, showed up Lor wou in 


his neighborhood. and has not. ‘started to deliver nade. re 


neighborhood looks | just ‘like Figure 16. | generally, — 
start at ae vertex a aig Gt and begin to construct a 
closed trail T in G4. Re Recall a closed trait is a walk 
with no repeated edges. § So a closed trail also starts and 
"stops with the same vertex. 

While inden are saheieae G* chal: are. ‘not yet in 
ee l chat, sin T -ageident with 
an unused edge. The vertex ee eee ang one EO 
‘construct another closed erail D of unused edges in G*: 
Once you reach vertex i at eHe- end of the trail, splice 
trail D onto T at vertex j. This process continues 
Sheyeneae there sinc eon Seana adinn at and all edges. 
are now in T. Using Figure 17, ieee at vertex a and 


form the trail T ={(a,b),(b,),(e, g).(8. f ).(f d),(d,a)} . 
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Figure 17. G* with Trail T Shown | 


Ge 


The colored in vertices helps show the trail T. 

“Select a vertex on T and an unused edge incident to it, 
Like vertex d. We start the next trail between vertices 
ad and e. - Then trail D. will become 


D= (a e), (e, 2) (eh (h, c), (c »), 0. o iC ay in Figure a6. 


Figure 18. Graph G* with Trail D shown — 


GF: 


fo oe 


Splice trail D into Tf where edge Sf, d) in T is 


arranged. - The resulting tour uses Bei edge of G* once 


for a minimum tour length of 33 time units since T 


becomes: 


‘T= AC, b), (b, o. (¢, 8),(8, f). UV; d),(d, e), (e ‘i Ce) (h, c), (c, 5), (Be), (@, d), (d, oh 
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CHAPTER THREE 
We just read about’ an efficient set of algorithms 
oe found an. optimal solution ae the Chinese. Postman 
- problem. | ‘The main result of these algorithns was eueiaa a 


See of edges for ao . graph -G. | These edges, in the form of | 


atte, were found by obtaining a matching between odd - 


degree vertices. The sum of the path BSeeneee: between 


matched vertices. was kept: toa minimum. ~ So, the addition 


of these paths, or set of edges, to G produced -an fuler 


Graph and an “optimal Euler ‘Tour, 


“The DEQCSsS just discussed as as a 
- global approach: a) solving the CPP. ~ Almost every step 
considered the entire graph in one way or another. the | 
next algorithm [ wish to discuss ‘takes a local approach to 
finding the optimal solution to the CPP. “qstege. of 
finding paths by. matching vertices, we wae, now oe ‘the 
paths one edge at a time. | | | 

We start with ae | graph ey odd degree vertices 
as before as seen in Figure 19. When’ we grow the paths 
one edge at a ma we: are: really foo aes for the edge 
that will increase He eee distance traveled by the 
oo e least. ~The edge we add to the path is called 
a matching edge. As you may know, teang eee re step — 


blindly will not always ensure an optimal solution. 
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Figure 19. Graph with Edge Weights 


In “Figure 19, ‘the simple approach. would add the edge 
cae of L, 5, and 6 in order to. produce an “Euler Graph. 
But, aC is. clearly. evident ‘that only the. / edge weight. of 2 
ae needed. ae. ree | Juke ) | : . 
A detailed algorithm written, by Edmonds and Johnson 


15] includes: a clever way Os adjust for poor choices one | 


might make in such. a simple view. of things. vefoctunatey, 


this clever adjustment is very ‘complex and beyond | the 
“scope of this paper. | a | | 
I. will: now give a general description of ‘the Edmonds 


tan Johnson algorithm for the optimal | solution to ‘the ceR. 


oe will finish by illustrating itl with’ ‘ans: ‘example. 


we must, “keep track of which edge to. “include. at any | 


» given iteration. Edmonds: and Johnson developed an. ordered 


(triple (: 45,9) to assign to each vertex and, a “revised | 


“cost ¢), to each | edge. pa will use room instead. of. C, for 


uniformity. Each of the iterations of the algorithm \ will a 


| involve the assignment of a “matching edge and/or the 


forming of an “object. called a ‘blossom until. ‘the end of ‘the. 


algorithm. ‘Before the next. iteration begins, an 


adjustment of ‘the ordered triple and the revised costs is 


"necessary to identify the next matching. edge or blossom to- 


be created. ‘Bach of. these assignments, and vadiieitaiasen” cal 


= ba explained. 
“The assignment | of matching edges: is. a. very y deatreble, : 


penine because. this. can. lead us to the path | we Jake 


growing. ‘To describe when a “matching edge 1s assigned we 


must first describe ‘the planted forest F that contains 


the endpoints of, the matching edge. “Starting: with 


ee (V, E) find ve which consists of the. oda degree phi ran 
vertices of G. 


“Bach vertex am Vt is. named. a psuedovertex. (pv) and 


Te considered a tree. consisting. of, a. single vertex. | This 


~ collection. ae: trees” forms ‘the initial planted forest’ E eek 


_ Psuedovertices are also called outer: or inner vertices. 


oan outer vertex, is “deficient | AR at. ig: ‘not incident to aS 


matching edge. | Initially « all PVs” are. outer. vertices. and ee 


are deficient. An inner “vertex. is: a “member of a tree that’ 


has one matching and one. ‘non- -natching edge incident | to ie. 


Bap Seed Also, an. ‘inner. vertex, is, incident ‘to, two. outer vertices. 


“For. each: of the’ iterations, every, tree ae F has, one. 


"deficient Pv consisting of only one outer vertex or ‘the 


"tree! consists of a number, of: outer and inner vertices: 


incident along with matching and non- -matching edges, In. 
the: Figure 20, a plus symbol on a vertex will. identify ; an 


outer vertex and the minus “symbol will identity an inner. 


Ge. vertex. 


Se og ee te Meee oe 


Outer vertex © Outer and: lnner vertices 
as 4 tree asa tree — 


Now, the assignment of a , matching edge happens when o- 


_ the next shortest edge in G is. ‘an edge Nor ebay F_ 


aeeinial two outer vertex ‘eikie t4 Fo. “This: 

fn ee an "augment and switch < operation to ensure the 
“alternating x pattern of matching aa non -mat ching edges 
“that exist between, outer and inner vertices. No deficient 
PVs exist after augment and Syitcn, SO ‘the trees are . 
"removed evom’ fF. 

If ‘the algorithm does. not Ginéer he assignment ofa 
‘nice § ‘edge, the result of the iteration will involve — 
the assignment: of blossoms. Blossoms, B, temporarily 
hide ‘portions or the graph EO better. determine how the 


‘eee att re lena: Panawiie next maecninS | 


Figure 21. Augmenting of Matching Edges and Switching 


— Before 
— after — [| &=_+-_EU 


edge. Basically the blossom surrounds ENE elements of the 


graph. The blossom is shrunk. to a PV BH then the original 


graph temporarily decomes the quotient sranh J. The PV 


724 will store the information it contains until the time He 


is expanded, or blossoms. At different. stages of the 


algorithm, there are three ‘types ol blossoms that can be 


found. ‘They are pictured in Figure 22: 


Figure ene ween 


—39°- 


Figure 22a ‘shows: a ‘blossom ‘that, as, an” “odd cycle. aro. as 


ae matching edge 2, oy is. “switched with | non- -matching ne 


i? ae along with: 6, 4) ‘switching with: (1, 5), then every 


vertex of ‘the blossom will meet exactly one matching, edge. = 


oe Figure, 228, the circle vertex is an) “original. vertex ee 


graph G that can. “have. any number of. “matching edges 


“badd dent to 1c, “When edge, (a, 3) AB “switched to a sae 


matching edge, each PV. is® incident. to: one “matching edge. 


In Figure 2c ‘the original vertex’ meets. one. non- “matching 


edge” of. the blossom and any number, of matching edges. els 


the | PV inside the blossom, is ‘met by. a | matching edge, such 


88 BVL, ‘then “swap all the matching and non- “matching edges 


‘Before any iteration can, end, the adjustment phase of 


Oe eh: algorithm 1 must take place to help identity the next 


| matching: edge. or plossom: to be. created. “There are two. 


items: requiring | } adjustment; ‘the ordered, ‘eriple of each | 


vertex « and, the revised. ‘cost which | is. ‘the edge weight 


es oe oy v edges | ©, wer E, ‘the edge set. of G. 


To “describe why the ordered. 4 eriote, ade BE 


Eo ituae are adjusted. one “needs an. intuitive idea of what 


Ee or es eetlabete Wy 


See ee ee ears. 


“one edge length away. “Next, da is: ‘the: distance to. a 


"deficient Pv at a tree, that ye is. “not, in cand» is. one. oad 


e * i e ape Ast Sates . ay ees > i ue ie 
z eee ie, Ge es \ 
a . a 


from. In Figure 23, d,=1l. The eat eedaiole of eee 
eidened triple, y, 1s a storage position for an Gage cost 
that was subtracted or added to t(v,u)'. If t(v,u)' 

| decreases, then + it deed the same amount and vice 
versa. 


Figure 23. Graph G to Determine d- 


4. 


During the formation of blossoms, the values of any 
of these variables may need to be altered since the 
blossom will itself shrink into a PV. if vertex Vv is not 
adjacent to a pv, then dy=0. After the formation of a 
blossom and the shrinking to forma PV named p, the 
vertex y may be adjacent ee p. If this is the case, 
then. d> value will change. Checking to see if this 
ingeeas ie called pevammina: pre There are other 
adjustments that may need = iia satin wee te end of each or 


the iterations of the algorithm. They are similar in 


Al 


nature: to the above ‘explanation : and will be shown an an- 


along example. 


Ae. each of. ‘the. ‘iterations of the. “algorithm, the 


grab triple | pes used to ‘find the. nearest. vertex and eee 


to the paths constructed 50. far. "Matching, edges are. 


assigned and/or blossoms are “formed” or "expanded | as. 


necessary. “Then. all ‘the vertex’ s variables and edge 


weights 2 are. adjusted | to reflect this change eo" ‘the graph. 


fo ngs process. ‘continues. until, there are no- deficient PVs: 


| remaining in the planted : forest FB: When this iscess ae 


PVs” are - expanded ‘into blossoms. to ‘determine which edges, a 


pA will ‘become matching edges. “The / matching ‘edges: will 


Figure 2 25. (Right) Forest F “for. c Bad Example 


“augment G ‘thus. turning Ge into. an -Buler Graph. “Recall, 


that adding edges | to GC will result an a | supergraph named eS 


G*, ‘Let’ & “see. this now in ‘the “following ‘example. 


gee! 24. (Left): Graph @ for BEI Example 


: 2 atte res . . as ae toe iS oe Nee ee ae 
iste . a Bp F . eel ee hicioe “ tay Te * te cok 
ie ae “ ee Be Z Br eet heo ‘ 


we begin by letting G= -G., where G, is called’ a 


parte graph, and atoning (4 a, Je to “each vertex wnt 


: Gs AL the ‘start of the algorithm ® =0 we and 


vy. 


ONES Sidon if vo is. a: “deficient Pv, then d? =O. re 


oo the eage weights, initially let 16. w= 10 Oe Yo, wer EB. 


i To ca lpilate® a Tet: oe 


bet (vy u) 3 be the edge giving the, minimum: above. cane 
oe othere , ja me such : , We ‘then 4, a= “a and ao u =O50° nee ie 
100k 2 at vertex a and. b in Figure 24, “The: degree of a ae 


oo an. even “number” so a is an ‘original - vertex; ‘the - degree of 


| bie an odd munber soe ie a ev. | We. can assign a} need 


dls since. Hab) r' and b is a PV: “Finally 20 and the. we 


"oo gedeved. Ectpie ton vortex : is compete.” ‘For vertex b, ke 


we will discover different values. We generate 7 He =, °° 


a eee Bech iis ital the. py. : elosesk: £7 B an Ys ee oe fe 


the rest. of: ‘the vertices ‘have their values. “in “table Bi 


-oBvery i iteration will. begin « at step, ay and, ‘where ‘upon 


| examination of. each: vertex’ s “ordered ‘triple, a minim 


value ¢ over. all. vertices of e “he “found. “hen | 7 rete 


. - 5 . 2 a re es 3 pa nan . . 2 ae s , ‘ ‘ i 
Sigh SEE SE See ie Te esd te tee oF erat, Ae 1s a Rah pray ‘ - Te Nao 

te Sol ate Ra. a 3 ears te ’ . Ong : . ae Pe ane 

eae By 7 . eae ye he, a SAG SY Bk oS oe RE ‘ Sa - 
fae ts they (SPO as aie OT, a mae oF 1g . E 
r . at i : ane ae 5 ‘ 
: i : gag, A rae iar fan . oy ‘ 
ENS eras eae . 
‘ 1 


Table 6. The Initial Ordered Triple Values of Graph G 


to names of the steps in this paper, Step (1) or Step 

(1 ) (B), a am using the same notation sontained in Bamonds : 
and Johnson paper.) When a tie for the minimum value 1s 
“obtained, decide arbitrarily. ie lean over all | 
vertices in G will..come From one of the following ane 
‘cases found’ in Table 7 and be denoted d’: 


Table 7. Definitions for Step 1 Cases 


(a): Fb Se v not in. any a tree; 
| (8): (a; +d> ) for v an outer vertex al a planted tree, 


(y):y, +d- for vy an ie eae of. a poe tree. | 


‘Step (cm results ina tie for d- =1 for vertex a 


(case @) ‘and eee e, and g (case B). hes aa 
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_ 7 id not generate any values because there are no inner 


spureiase: in the forest. poo a een 
Let’ Ss | arbitrarily, chose vertex. @ and go to. step | 
an )(B). “Arbitrarily choose | a to. ‘be “the. other. vertex. 


| incident to edge: iG Ae because dy value | was ‘found ato 


either vertex. a or 8. “Since a and. e are. in. different 


planted ¢ trees, we Jump: to. step. (2) 


“Initially . d) ise a non- “matching edge between, ere 


aoe vertices that. are “deficient. We: “augment G by 


"switching € a) for a | matching edge. “Since this. is. see 


first: iteration, ‘nothing 1 more’ is: done. with augmenting. 


“Later. we “will, see. more: ‘details. vertices a and e are Ae aa 


- tonger ¢ deficient “because there | As. 2. matehing edge, between 


©) then. and. they lose. ‘the: title. outer, wertex, | Graph G and 


Forest F change appearance as. ‘seen. an: Figure 25 and 26. 


You, will see “the: forest. “grow. trees | and lose them at ‘the: 


epee of most iterations. 


oe “Now every vertex ip: G, is examined by looking at the 


a and ee a we ‘ors, vy apd te i Rec all. _ @ =ls ° ote S 


 wontces a C 8. b will not’ “have their Ye value” 
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: - Pigure | 26. “(ueft) Graph @ After, dst Iteration | 


Figure OF (Right) Forest FE After 1st. Iteration | 


by 9, #(l'-d;) and subtract d’—a from 1(y, uw) for every 


| atge tnclaent vo wonton 7. vertices. b, ‘dy carne will 


have Yad and you can see ‘that vy will store , snformation 


a ‘subtracted - from 10, w- ‘Graph G, will, have ‘the ¢ following — : 


“case is not. discussed. at ‘this | ‘time, 


edge” weights seen ae ‘Figure, 28. We do not. have a <d’ for 


this i iteration, so adjusting costs cand coordinates | in this. 


“an examination of Fo Bees ‘Figure ai more we ot1L Dee 


ES gshaigae’? PVs | SO. we. adjust all d; “such that: 0 ee 


| ae 
i 


we - 4, > = mig a + +10, wn ue is a “outer ay se “449 fee bio 


; a ; Soe ae Gee a : % 2 2 ae 
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bit Peete em “a 4 Be as ceed 
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Figure 28. Graph G, After 1st Iteration 


and let (vu) be the edge given the above minimum. LE m0: 
such (v,u) exist, let d> =e and t(v,u)=0. The triple is 
now updated in Table 4 and we return to Step (ns 


Table 8. The Ordered Triple Values After First Iteration 


We finished our first iteration and start again at 


Step (1). by finding the ee This time case @ gives us 


the choice of d°=0 using vertex a. .Case B will produce 


AT 


oo ain 00 “for. vertices. by and. g, the outer vertices. of. F. a 


os eo ar 


| cae 7 Ae et via ome ve have no lier vertices ; 


with d "20 for vertex. a ‘the algorithm takes us” : 


dace to “step (2) (A) (2). “Vertex a is an original 


vertex of ocr and. vertex, b is: x incident a. “Recall. that 


i seer b is. an “outer” vertex and a “member: of F. 


A blossom Be is “formed surrounding | a, D, and the 
ae iG 2) as ‘seen in. “Figure 22. earlier. ; “Replace: G, by ee De - 
the quotient “graph G/B and shrink’ B to form a new “PV Spee 
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“8 ooBigure. 29. Forming a Blossom in-Graph Gye eS a 
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Figure 30. Forest F with Psuedovertex p 


0% 

Forest i 
ee Seaenes ele for PV Dp will igi: te ake Be 
nite y, =0. The value of d- aie be determined at gai 
start Be e8a6 (1). For each edge in G, (whether in G,/B. 
or not) meeting vertex b - subtract d’-d,; from t(b,u)' and 
adjust Yp by adding @ mb )+y,. There are three edges 
rm LO be put d’ -d; =0 so the weights of tba), 


—t(b,c)', and 1(b,e) do not change this. time. 


“Before this step cee) the. wigortcnn can end. a we : 


“start at step Faure we ‘must scan p. Scanning Pp means to 
Look at every ‘non-matching edge (v,p) of -G. res V is 
incident to Hsisnidl Condesa to dt +t(v, py. ee 

d+, p)<d; then tet 4, +1@,p)=d,. Recall, these 
adjustments are necessary because forming a PV from a 


blossom. may. move a. “vertex closer to a deficient PV thereby 
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1. ibs earns: dye » Vertice SC, 1 @cand,"e are incident A a eae 


We} have tao for each, calculation and. the following | | 


information from G |B B and Table 4. 


table 9 9. “Results of, ‘Scanning Pv OB. 


a; + +6 “Ps < 7s AY 7 er = 0- oa a ae 2 (mo change)f 


oe ag (1). 


ee Mid dy TY Chnmiae because OO <en daa Prue’? 3 


"statement. “Coordinates a: and | dy will, not change e Benaane! 


0422 and 0+1<0 are “both. false statements. In “other ee 


words, forming | a vertex. ‘like p made vertex d- closer” to ere 


"deficient P PV. “the ‘above calculations will update ‘the 


ordered triples. in “Table 6 and produce | ‘Table. 10. ae 


ere 12 to. fil 2 the: value of a cand. move ‘back | to Dipte ee 


“Table 10° grew with ‘the addition of Ps “but, vertices. wero 


re and b will not. “be. considered in. the next iteration Eee 


because they 3 are. temporarily hidden inside the. 


_ psuedovertex P- 


-. Table 10... Ordered Triple After 2nd Iteration = 


“once again: step ay will produce, a’ | 0 but ‘this. time 


eee vertices d or. & and for case’ cz | “Case B produced 


"infinity and case. xy as void. We: enter step maa. eee 


because this. time, the vertices under consideration began 


this process, as ‘PVs. ‘Let. vertex d ‘become the vertex chat 


caused a = 0. “This part of ‘the. algorithm will. rename our 


sa and reassign. ‘them back. to vi Vertex d will V pacomg 


(an inner. vertex: and is. adjoined to vertex (Pp) the matching 


ete G om and with vertex e. Vortex ¢ wii become an 


“outer vertex and a “wild equal: a Ne geen Br eekee Oe. 


cea the two non- matching edges ©, oF and a (s. 2). We have. me 


ge. for each | calculation ‘the scanning results. in: Table fos 
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Table. 11. Scanning Vertex e 


d* +t(p,e)<d, ———— 0+1<~; d;=0 


d: +t(g,e)'<d; —____» 0+0<~; edi 


so for (p,e) we have O+1<e and for (g,e) we have” 


0+0<c which both are true statements. ‘Thus we change ad, 


and d; both to zero. The vertices will become a planted | 


tree in F such that F contains two components as seen in 
- Figure 32..G,/B doesn’t change.as seen in Figure cae 
Figure 31. (Left) Graph G,/B After 3rd Iteration | 


Figure 32. (Right) Forest F After 3rd Tteration . 


Graph /Bo | Forest F 


par” 


We. finish up this. iteration by using equation. ey and 
 mcblinatedons our’ ordered triples. The results: are recorded 
in Table 12 and we start Step (1) again. 


Table De: Ordered Triple Results After Lie 3rd Iteration 


Back to Step (1) where case @ produces a two, case 

_ B produces a zero, and case } ppocnecs. acne because 

vertex d aS au inner vertex. This is a first for case Y, 
‘but case f produces d’=0 so we jump to Step (1) (B) ae, 
“the algorithm and then to Step (2) because vertices g and. 
| é are in different planted trees. | | 

| ‘When this happened during ihe. ates iteration we just. 
“augmented G, with a matching cage. inte ee 

at Pterent * because eens Pm part of a larger planted 

pie hae a da, own matching edge (d.e). Here the e 

‘pugnesiing path that will include s, 2) must alternate 


matching Bnd non- -matching edges | as we transverse the’ tree 


to vertex p. Thus, (g,e) and (d,p) will be matching 
‘edges where (d,e) will become a non-matching edge as seen 
i PLGure -33-. 


Figure 33. The Augment and Switch Phase of the 4th. 
_ Iteration oor Se _ : % 


Graph G/B 
At this time we have no more deficient vertices: 
because F is an empty graph. We finish up Step (2) by 
noting that for all veG,/B, di2d° and d,;2d°. Hence | 
the triples, of Table 12 and edge weights of G,/B are. 


fixed. We now enter Step QB) for the first eames 


eeld Step (3), we. are now neaey to) reveal an optimum 

- solution by identifying which or ee edges Li G./B will 
become mated: edges Tn. _G*, ‘the supergraph. For edges 
that are nate sages in G/B, let them remain matching 


eee: in ‘G™. This uae it altel tad ant toe’ 
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We sere jexseud the PVs oe G,/B ‘to accor which 
edges in the blossom should become a matching edge. There 
is only one PV in this example that will become a blossom 
and that is vertex p. This blossom is of the type where 

an original vertex meets one elie neiiiiiey sien. take and 
any number of ice ideesedees.. 26 iyelude the one we have 
(ad). See Figure 22¢. 


Figure 33. The Euler Graph Resulting From E&J Algorithm 


., Binee ee erie wecces ae incident to a PV that is 
deficient, i.e. no matching edge is incident to b, change 
(a,b) to a matching edge. The algorithm is complete as. 
seen ia a ngeee 33. All verti¢ed now have en, enema 
the Euler tour algorithm as in CHAPTER TWO to get the 


optimal tour. 
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Proof of ‘Theorem 3, 
“Suppose Go as. an, “Euler Graph. Then G contains an ee 
Buler | Tour. _ “which, | begins and ends. at" some. “vertex Vv. 


Since 7 Tr contains all vertices. of G, a path joins every 


two | vertices of, G, 80" that @. is “connected. ieee 


oer ne every. vertex of a: is. even. | 


Zz First we. “consider | a vertex uw different from’ vy, 
“Since t uw ‘is’ “neither the, first. nor. ‘the: last. vertex of £, 


each time uw eS ‘encountered it: is: ‘entered via some edge 


and exited via another edges hence, each occurrence, of a 


“cin Fr increases “the degree of Moby two. Thus, aaa 


Sites. 


In the case. of the vertex v, greet o al 


‘adh: the first and ‘the. last: contributes two - to its” 


degree, while the. initial and. final occurrences. of ve Ane 


. AP cont ribute one each | ‘to | the degree, of 7 ow : : {os a ce ; oo 


oy every: vertex of CG has. even. degree, 


We: now “consider | the converse ‘statement. / Assume that 


a" is. as connected undirected | graph + and every vertex oe 


(is even. | we show that G iS an. “Euler “graph. “Select Ac 
“vertex: v of. G: “and | begin a. path: Pi at v We continue | 


“this, path as. “tong | as. possible until we" “reach a vertex: w. 


eat + ee © aie ae eo oF ot a 1S ‘ 3 . A - : * c 
er = to : : wy 
' 5 comme 2 Syne eas ete Ae ; ; * 
{23a 
+ ‘ 


such | that. ‘the. only edges incident ‘with: w “already belong. 


Og P: “hence, P. cannot. be ‘continued, and | we “must stop. 


We claim that we V. To. establish this, suppose ‘that. we 


didn not equal” ye. on, each: occasion that, ws is. J encountered 


prior to the last time, we. use. one “edge. to. enter. ow and Mae 


"another edge to: exit from. oe 


| a ‘When we is. “encountered. for ‘the final, ‘time on mi ae 


| one edge is used to enter Ww. “Hence, an oda number of 


edges 3 incident with: w appears on. Pe. “However, since Wo 


2S nage even. degree, ‘there. must be at least one. edge. incident 


es w that, does not. _ belong to. P. 


‘This, implies. that, P can be continued and therefore 


oat terminate. at Ww, Es w. did not. equal Vv. i 


conclude | chat w= =v, and Po is’ actually. a. circuit. “TE. ‘the: ae 


(circuit J Pe contains all ‘the edges of G, | chen P is. an. wee 


oer, Tour of G and cn is an. wuler Graph. 


“Suppose the circuit. Pe does not contain all. ‘the: edges 


of G. ‘Since G is, “connected, there must. “be. at least cones 


pate uw on P that is’ “incident. with, edges on Pe Ra 


See edges « of. Po ‘from G and consider ‘the resulting 


- undizected graph H. “Since. PB does not contain alt ‘the. 


edges | of G, “the undirected graph w has: edges. 


Le r ons ai Os OE actin . + : o 5 s ‘ ‘ 
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Furthermore, every vertex belonging to. P is incident 
oe even number of edges of Ps Herea? every verte in 
i has even degree. Let H, be the component of H 
containing, the vertex U. If we begs a path Sie Tee: 
U and continue this trail as ioe as possible, then, as_ 


before, P must end at u and P is a path. ‘Now it is | 


possible to form a path C, ne. Beginning end ending at’ 
sit. aon pad more edges’ than. P. wWe'do this ‘by taking 
- thé path’ P “aid inserting-the path Pata place where u. 
occurs. . - | | i 
Tf C, contains all the edges of G, then C, is aa. 
“guler Tour and G is an guler Graph. If C, does not 
contain al the ‘eigés OfG;, then wa may continue the * 
- above procedure until we finally obtain an Euler Tour of 


- G because there are a finite amount of edges. fm 


ae 


(2) 
ae a 
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